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0. INTR~DUCTI~N 
In this paper we establish the existence of steady progressive waves to a 
certain model equation arising in combustion theory: 
g-$+8 - f2 (pJx(g)=o, -co<x<co, (0.1) 
where LX, /I and y are positive constants, and the operator 2 is the Hilbert 
transform defined by 
(0.2) 
Equation (0.1) describes the evolution of the perturbed flame front which is 
denoted by F(t, x). This model equation was derived by Sivashinsky [6]; 
see also Buckmaster and Ludford [ 11. By resealing the variables, we may 
suppress the constants to arrive at the parameter free form 
~-~+(~~-q~)=o, --cc,<x<co. (0.3) 
Michelson and Sivashinsky [4] treated Eq. (0.3) numerically. Their com- 
putations predict that from initial data with a long period there eventually 
emerges a steady progressive wave. This means that Eq. (0.3) admits 
solutions of the form F(t, x) = G(x) - I/t, where V is a positive constant 
and @p(x) is a periodic function of the space variable x alone. In fact, the 
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flame is propagating downward. It is obvious that F(t, x) is a solution of 
(0.3) if and only if G(x) satisfies the equation 
which, by setting cp = d@/d,x, is equivalent to 
Here the constant V is not given a priori and is determined in conjunction 
with cp. In this paper, we discuss Eq. (0.5) with a view to finding periodic 
solutions. In this discussion, we exclude the trivial case where q = constant. 
The main result is Theorem 2.2 and our method is the bifurcation theory 
developed by Crandall and Rabinowitz [2] and Rabinowitz [5]. 
1. NOTATIONS AND PRELIMINARIES 
For 1 <p < co, L > 0, P,‘(x) denotes the space of all measurable, 
real-valued, L-periodic functions on R with the norm 11 f IIY; = 
(jo” I f(x) 1’ dx)“‘< co. 
c,“= _ w a,ein(WL)-x, 
For SER, L>O, we set ~Y;(x)={f:f= 
a,EC. a,=a_, for each n and 
C,“= _ o. In 1” I a, I2 < 03 }. Then w;(x) is a real Hilbert space with the 
inner product (A g)+.; =a& +C,“=-, Inj’“a,K, where f= 
c,“= _ o. a,eidWL)x andg=C,“= --co b,e in(2n’L)x. We denote by Y:(x) the set 
{f: f = C,“= 1 a, sin(n(27c/L)x), a, E R for each n and C,“=, 1 n 1” a: < co ) 
equipped with the inner product (f, g),+ = I,“=, 1 n IzS a,,bn, where f= 
IX:,“= 1a, WGWLb), g = I,“= 1 6, sin(n(2nlL)x). Then Y:(x) is a closed 
subspace of w;(x). We write Y:(x) = /-)F= 1 Y:(x). Y;(x) is defined to be 
the set {f: f =C,“= ,, a,cos(n(27t/L)x), a,, E R for each n and 
C,“= 1 In (2S a: < cc } whose inner product is defined analogously. @Y?(x) 
stands for the space of all real-valued, L-periodic infinitely differentiable 
functions on R. As in the previous section, we write s+? for the Hilbert 
transform defined by (0.2). Then it is known that 
LEMMA 1.1. For f = C,“= _ 5c a,,e’““E Wf&(x), s 3 0, 
(SPf)(x) = f ( -i sgn n) a,e’““, 
n= -cc 
(1.1) 
wheresgnn=l ifn>O,sgnn=-1 ifn<OandsgnO=O. 
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(See pp. 50, 56 of Zygmund 
c31-1 
[7] and pp. 108, 113 of Edwards and Guudry 
It follows immediately that 2 sin nx= --OS nx for n 2 1, and 
X cos nx = sin nx for n > 0. Now let U(X) = I,“= _ m a,@‘” E W&(X), s 2 0 
and set U(Y) = 4 y/A), A> 0. Then, v( y ) E wf,,( y) and, by the above lemma 
and the identity 
=(z?u) ; ) 
0 (1.2) 
(Yfu)( y) = f ( -i sgn n) u,e’“‘Y’“J. (1.3) 
n= --‘lo 
it is apparent that 
We also need the following properties of function spaces. 
LEMMA 1.2. For any E > 0, 
(i) 1(lTy4+& (x) is continuously embedded into Y:(x); 
(ii) 9;(x) is continuously embedded into W,‘/‘-“(x); 
(iii) (f, g) + f g is a continuous mapping from W2/2+e(x) x Wy2+&(x) 
into Wy2+E(~) undfrom 9’4p2/2+E(~)~Y~2+E(~) into Ty*+“(x), 
2. EXISTENCE OF PERIODIC SOLUTIONS 
First we state a result on the regularity of periodic weak solutions of 
(0.5). 
THEOREM 2.1. Any L-periodic weak solution of (0.5) belongs to q?(x). 
Proof: Suppose q(x) is an L-periodic distribution on R which, together 
with a suitable constant I’, satisfies (0.5) in the weak sense. In order that 
the nonlinear term (p(x)* may make sense, q(x) should be at least a square 
integrable function on [0, L]. Therefore, q(x) can be expanded as a 
Fourier series cp(x) = C,“= ~ m CZ~~‘“(~~‘~‘~’ such that C,“= _ o. 1 a, I2 < co. 
Recalling (1.3), we have 
(#q)(x) = f ( -i sgn n) u,ein(2”‘L)J (2.1) 
n= -cc 
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and hence, (Xcp)(x) E W:(x). By virtue of Lemma 1.2, ‘p* E W”, l/*-&(x) for 
any E > 0, which, combined with (OS), implies that cp E Wt/* - “(x) for any 
E>O. Again by Lemma 1.2, we find that cp E 9494,(x) and (P*E 9;(x) = 
WO,(x). Using (0.5) once more, we derive that (PEW;(X) and hence, 
(p2 E “w;(x). By repetition of the same argument, we can conclude that 
cp E W:(x) for all k = 1, 2 ,.... Thus, cp E W?(x). 
Next we assert the main result: 
THEOREM 2.2. (i) For any L E (0, 27~1, there is no nonconstant L-periodic 
solution of (0.5); 
(ii) for each L E (2n, CD), there is at least one nonconstant L-periodic 
solution of(O.5) in Y?(x); 
(iii) for each k = 1, 2,..., there is ok > 0 such that for every 
L E (2a, 2% + 21~6, ], there are at least two L-periodic nonconstant solutions 
of (0.5) in Yp(x), and for every L E Urz2 lJ,“= ,(2nmk, 2zmk + 2zmok], 
there are at least three L-periodic nonconstant solutions of (0.5) in Y,“(x). 
The assertion (iii) implies that there is M> 0 such that for every L > M, 
there are at least three L-periodic nonconstant solutions in Yp(x). 
Before we prove this theorem, we have to go through preparatory steps. 
Suppose q(x) is an L-periodic solution of (0.5). By virtue of Theorem 2.1, 
cp(.x) Eq?(x) and thus, by integrating (0.5) over [0, L], it holds that 
I 
L 
q(x)* dx = VL, (2.2) 
0 
where we have used the fact that jh (Xv)(x) dx= 0. Consequently, V= 
(l/L) jk q(x)* dx is a necessary condition for the existence of L-periodic 
solutions to (0.5), and we are led to consider the equation 
cP+ITv=f(40), (2.3) 
where A is a real parameter, and T and f are mappings defined on Y:,(x) 
as follows: 
u2 
u= 1 a,sinnx-+Tu= 
n=l 
sin nx, 
cc “b 
u= 1 a,sinnx-rf(u)= C --Isinnx, 
n=l ?I=1 n 
where 
(2.4) 
b~=~~~^(u(x)*--&~~nu(y)2dy}cosnxdx, foreachn31. (2.6) 
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It is clear that T is a completely continuous linear operator of Y;=(x) into 
itself with simple eigenvalues ( - l/n}:= i. By Lemma 1.2, it is easily seen 
that f is a completely continuous P-mapping from Y$, into itself. Sup- 
pose q(x) = C,“= I a, sin nx E Y;,(x) is a solution of (2.3). Then, for each 
n 2 1, it holds that 
3, 1 
a,, --a, =-b,. 
n n (2.7) 
In the meantime, dq/dx = C;= L na, cos nx, (Xv)(x) = C,“= 1 ( -1) a, 
cos nx and (p(x)’ - (1127~) lp q(x)’ dx = C,“=, b, cos nx by (2.6). 
Therefore, q(x) is a solution of 
w3) 
Now we write 
F(Av)=c~+~Tv-f(cp) (2.9) 
and regard 1 as a bifurcation parameter. Then, borrowing a result from 
Crandall and Rabinowitz [2], we have 
PROPOSITION 2.3. For each ;Ik = k, k = 1,2 ,..., (A,, 0) is a bifurcation 
point in Rx Y’:,(x) of (2.9). For each k = 1, 2,..., there is a neighborhood u/i 
of (A,, 0) in R x Yin(x), a positive number Ed and C” functions ok: 
( -Ek, Ek) + R, Ilk: (-Ek, Ek) + Zk such that (Tk(0)= &, uk(O)=O and 
F-‘(O)nU, = {( ok a , a sin kx + avk(a)): 1 u 1 c&k) u { (1, 0) : (A, 0) E uk}. ( ) 
Here Zk is the orthogonal complement of {r sin kx: r E R} in Y&(x). 
It will be useful to have some information on the local behavior of ok(a) 
near CI = 0. 
LEMMA 2.4. For each k = 1, 2 ,..., (jk(0) = 0 and 6,+(O) = l/k. 
Proof. Fix any k. We substitute 2 = (Ik(a) and cp = a sin kx + avk(a) into 
Eq. (2.3), divide both sides of the equation by a and differentiate them with 
respect o a: 
fik(a) + &k(a) -k sin kx + TV,(a) + o,&(a) Ttik(CI) 
1 = ES =--- 4k sin2kx+ 1 
1 
-b,,(a)sinnx+a 1 
1 . 
-b,,(a)sinnx, (2.10) 
n=t n n = I n 
where 
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b,,(a) =i 5,:’ {(Zu,(a) sin kx+ uk(a)2) 
- & JZn (2u,(a) sin kx 
0 
+ u,&)*) dx cos nx dx, 
Setting u = 0, we obtain from (2.10) 
for each n = 1, 2,.... 
Gk(0) + dk(0) + kTti,(O) = - & sin 2kx. 
Since dk(0) and Ttik(0) belong to Zk, it holds that 6,JO) = 0 and 
dk(0) + kTt;,(O) = - & sin 2kx, 
from which it follows that 
1 . 
fi,JO) = -% sm 2kx. 
(2.11) 
(2.12) 
(2.13) 
(2.14) 
Next we differentiate both sides of (2.10) with respect o 01 to obtain 
B,(a) + tik(a) 
i 
-i sin kx + TV,(~) 
i 
+ 28,Ja) Ttik(ct) + ok(a) Tfik(ct) 
= 2 f ib;,,(ct) sin nx+ c( f $ bk,(cr) sin nx. 
n=ln 
(2.15) 
n=l 
Setting a = 0, we get 
iik(0) + iik(0) 
(” ) 
-E sm kx + kTii,(O) = 2 f’ .! h&O) sin nx. (2.16) 
.=1n 
Making use of (2.14), we compute 
d,(O) = i 1,2’ {(26,(O) sin kx + 2u,JO) ti,JO)) 
-&J:’ (2tik(0) sin kx+ 2uk(0) ifk(0)) dx} cos nx dx (2.17) 
1 2n J( 1 =- -- k sin 2kx sin kx cos nx dx. x0 
505/63/l-5 
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Hence, d,,(O) = - 1/2k for n = k, d,(O) = 1/2k for n = 3k and d,,(O) = 0 for 
all n # k, 3k, and consequently, (2.16) is reduced to 
ti,(O)+6*(0)( -isinkx)+kTti,(O) 
= ---!-sinkx+ 
k* 
& sin 3kx. (2.18) 
Since iik(0) and Tijk(0) belong to Z,, it is obvious that dk(0) = l/k. 
Next we state a nonexistence result: 
PROPOSITION 2.5. For any 1< 1, (2.8) has no nonconstant 2n-periodic 
solution. 
Proof Suppose cp = C,“= _ m a,e’“” is a 2n-periodic solution of (2.8). Let 
us multiply both sides of (2.8) by dq/dx and integrate over [0,27c] to 
obtain 
(2.19) 
But a,, = c for each n, dqldx = C,“= _ og ina,e”‘” and (Xv)(x) = 
C,“= ~ o3 ( -i sgn n) a,?” so that we have 
1 
2710 s 
2x (Sq)$dx= -2 f nla,l’ 
n=l 
and 
1 *n dq ’ 
z;t, z I() 
dx=2 f n*la,(‘. 
?I=1 
(2.20) 
(2.21) 
Now (2.19) yields 
ng, n21~,t12=~ f 4a,l*, (2.22) 
n=l 
from which we can infer that if il< 1, all a,,‘~, n > 1, should be zero and if 
I = 1, all a,‘~, n > 2, should be zero. Consequently, q z constant is the only 
2rc-periodic solution in the case A < 1. For A= 1, the only possible form of 
2x-periodic solutions is q(x) = a+ fl sin x + y cos x, where a, /3 and y are 
real constants. Since dq/dx = /3 cos x - y sin x and &‘cp = - p cos x + 
y sin x, (2.8) implies 
1 
(a+/lsinx+ycosx)2=z o s 2n (a + fl sin x + y cos x)* dx, (2.23) 
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from which it follows that y2-p2=0, /?y =O, a/?=0 and cry =O. So 
fi = y = 0, which proves the proposition. 
We will need the following estimate of solutions: 
LEMMA 2.6. For each q > 0, there is a positive number M, possibly 
depending only on q such that 
II v II Y;, G M, (2.24) 
holds for any solution of (2.8) in Y:,(x) with A E [O, q]. 
Proof Fix any q > 0 and let p(x) = C,“= 1 a, sin nx be any solution of 
(2.8) in Y&&x) with IZE [0, q]. We can easily check that (2.22) is still true 
so that we obtain 
II dx) II& G 2 II dx) IL;, II q(x) Ily;,. (2.25) 
Assume that the assertion of the lemma is false. Then there is a sequence of 
solutions {~p,},“,~ in Y&(x) with corresponding {1,},“,1 c [0, ~1 such 
that (I cp,,, 119;, + cc as n + co. Now let us define 
2.4, = 
II ,“i.,,. 
(2.26) 
Then, u, E Y:,(X), II u, II + = 1 and )I U, )I y;, < q for all m 2 1. Hence, we 
can extract a subsequence still denoted by {um}~= I such that u, + u 
strongly in Y:,(x) for some u~Y:,(x). Furthermore, each u, satisfies 
Passing m to infinity, we arrive at 
1 =u;--. 
2 
(2.27) 
Us = 4, for almost all x. (2.28) 
But u E 9’&Jx) implies that u(x) is a continuous function on R and hence, 
u(x) = l/J5 for all x or u(x) z - l/J3 f or all X. This contradicts the fact 
that u E Y;,(x), which completes the proof. 
We are ready to give an existence result for Eq. (2.8). 
~oPOsrrIoN 2.7. For any I 6 (1, a~), there is at least one 2x-periodic 
nonconstant solution of (2.8) in Yg(x). Furthermore, there is Jk > 0 for each 
k = 1, 2,..., such that 
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(i) for every I E (1, 1 + S,], there are at least two 2n-periodic non- 
constant solutions of (2.8) in 92”,(x); 
(ii) for every 1 E Upz2 U,“= I (mk, mk + mS,], there are at least three 
2n-periodic nonconstant solutions of (2.8) in Yz”,(x). 
Proof. First of all, we note that all the conditions are satisfied to apply 
the result of Rabinowitz [S]. Let us denote by ?J the closure of the set 
{(A., cp): cp #O in Y&(x), F(A., cp) =O}; see (2.9). Then Y possesses a 
maximal subcontinuum 4, k = 1,2,..., such that (k, 0) E ?& and $ either 
meets infinity in Rx Y;,(x) or meets (m, 0), where m is a positive integer 
#k. The local structure of ?Ji near (LO) in R x Y’iJx) is described by 
Proposition 2.3. With the help of Lemma 2.4, we find that there is 6, > 0 
such that for any 1 E (1, 1 + S,], there are at least two distinct nonconstant 
solutions in Y:,(x). Now we consider the possible global structure of 4. If 
4 does not meet (2,O) in R x Y:,(X), then it follows from Proposition 2.5 
and Lemma 2.6 that the projection of S’1 onto the real axis contains the 
interval (1, 3). Thus, by virtue of Proposition 2.3, there is k12 > 0 such that 
for any AE (2,2 + S,], there are at least three distinct nonconstant 
solutions in Y&(x). If Yi meets (2,0), then Proposition 2.3 implies that 9, 
can approach (2,O) in R x Y:,(x) only through the curve ((a,(a), 
a sin 2x + q(a): 1 a I< Ed} n UZ. Hence, by Lemma 2.4, there is 6, > 0 such 
that for each I E (2,2 + S,], there are at least three distinct nonconstant 
solutions in Y&(x). In either case, we arrive at the same conclusion and it 
is also obvious that there is at least one nonconstant solution in Y’&(x) for 
each A E (1 + 6,, 23. Next we shall observe the effect of dilation on a 
solution. Let q(x) be a nonconstant solution of (2.8) in Y:,(x) and set 
wL(y) = kq(ky), k = 1, 2,.... Then it is easy to see that wk( y) E 
Y&,,(y) c Y&(y) and wk( y) satisfies by means of (1.2) 
y + Ik(Xw,)( y) = w;(y) - $ J‘,‘“” w;(C) d4 
=w:(~l-&/;~ ~s:(W5, -co<y<oo. (2.29) 
Therefore, wk(x) is a nonconstant 2rc-periodic solution of (2.8) in Y:,(x) 
with 3, replaced by Ik. This observation leads us to extend the above results 
as follows. First, for each I E Up= ,(k, 2k + kd,] = (1, co), there is at least 
one nonconstant solution in Y&(x). Secondly, for each A E 
U,“= 1(2m, 2m + ma,], there are at least three distinct nonconstant solutions 
in Y:,(x). It remains to prove the assertion (ii) in the case where 1 is close 
to an odd integer. Fix any n > 1. Then the projection of the set { (2nl, w2,,): 
wZn(x) =2nrp(2nx), 1 <A < 2, (A., cp) E gi} onto the real axis contains the 
interval (2n, 4n). Combined with Proposition 2.3, this implies that there is 
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6 2n +, > 0 such that for each 1 E (2n + 1,2n + 1 + a,,, + 1], there are at least 
three distinct nonconstant solutions in Y:,(x). The same is true of every 
nEU,msl (m(2n+l), m(2n+l+d,,+, )]. By Theorem 2.1, each solution in 
Y:,(x) is also in 9’g(x), which completes the proof. 
We proceed to 
Proof of Theorem 2.2. Fix any 1> 0 and set u(x) = (l/L) cp(x/J.). Then 
U(X) is a 2nl-periodic solution of (0.5) if and only if q(x) is a 2rr-periodic 
solution of (2.8). Now the theorem follows immediately from 
Propositions 2.5 and 2.7. 
Remark 2.8. (i) Our definition of the Hilbert transform differs in sign 
from that in the set of tables of integral transforms edited by Erdelyi. 
(ii) The global qualitative behavior of solutions away from the bifur- 
cation points is not known. As was indicated by the referee, it might be 
possible that the branches obtained in Proposition 2.7 do not meet. If this 
is the case, there will appear more and more solutions as the parameter R 
increases. 
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